LOU VAN DEN DRIES This article points out some remarkable facts implicit in the results of Lojasiewicz [LI] and Gabrielov [Ga].
present a program that, however, goes in a direction quite different from that of the present article.)
A precise formulation of our result requires the following notions.
(i) A set X c R w is called semianalytic at the point x e R m if x has an open neighborhood U such that U n X is a finite union of sets of the form {y e U: f(y) = 0, gl (y) > 0,...,g k (y) > 0}
where ƒ, gi,.
• •, g& are (real) analytic functions on U.
(ii) A set X c R w is called semianalytic (in R w ) if X is semianalytic at each point x in R m . (iii) A set X c R m is called subanalytic at the point x e R w if there is an open neighborhood U of x and a bounded semianalytic set 5 c R ffl+ ", for some w, such that U n X = ^(S), where TT: R m+W -> R w is the obvious projection map.
(iv) A set X <z R w is called subanalytic (in R m ) if X is subanalytic at each point x in R w . (In (ii) and (iv) it is not enough to consider only points x in X, but it suffices to consider points in the closure of X)
It is clear that the semianalytic sets in R m form a boolean algebra contained in the class of subanalytic sets in R m , and it is also easy to see that the latter class is closed under taking finite unions and finite intersections. Other facts relevant to us are:
(1) The subanalytic subsets of R and R 2 are exactly the semianalytic subsets of R and R 2 . (For m > 2 there are subanalytic sets in R m which are not semianalytic.) (2) A bounded semianalytic set has only finitely many connected components, and each component is also semianalytic.
(3) The bounded subanalytic sets in R m are exactly the sets of the form 7T(S) where S is a bounded semianalytic set in R w+W , and m\ R m+ " -> R m is the obvious projection map. Hence, by (2), a bounded subanalytic set has only finitely many connected components, and each component is also subanalytic. Also, if IcR m+1 is bounded and subanalytic, then its projection in R m is subanalytic.
(4) The complement in R m of a subanalytic set in R m is subanalytic. The theory of semianalytic sets, and (1) and (2), are due to Lojasiewicz [LI] ; (3) is an exercise, and the difficult theorem (4) is due to Gabrielov [Ga] .
The systems of semianalytic sets and of subanalytic sets share many good properties with the system of semialgebraic sets, but are not closed under definability. Surprisingly, we can give a small twist to the situation and recover closure under definability. Namely, call a set X c R w finitely subanalytic if its image under the (semialgebraic) map from R w to R m :
is subanalytic in R m . (Note that this map is an analytic isomorphism onto the bounded open set (-l,l) m , so that the finitely subanalytic sets are subanalytic.)
Our basic result-almost obvious, once observed-is the following. The theorem is immediate from the definitions and properties (3) and (4) , and 3y 3 projects the resulting set into R 2 . Hence YG^ by two applications of (T4). (The Kuratowski-Tarski translation of logical formulas into intersection, complement, projection operations, etc., is of course familiar to logicians, but this routine sort of "linguistic" argument seems little known to mathematicians in general. Perhaps this explains why one sometimes finds explicit proofs that the closure of a semialgebraic set is semialgebraic (and similar things) instead of a brief remark that this is immediate from the e-8 formulation of closedness.)
Some nontrivial facts about arbitrary O-minimal Tarski systems were obtained in [VdD2, P-S, K-P-S, VdD4], but, except for the already familiar systems of piecewise linear sets, and of semialgebraic sets, no other interesting O-minimal Tarski systems were known at the time: it seems that the system of finitely subanalytic sets is the first known O-minimal Tarski system on R that properly extends the system of semialgebraic sets. (It is not known whether there is any Tarski system strictly between the system of piecewise linear sets and the system of semialgebraic sets.)
Here are some "O-minimal" finiteness results.
Let S?= (&*") be an O-minimal
Tarski system on R. We say that a map ƒ: I^7,lcr,yc R", belongs to 5f if its graph is in Sf m+n . A few remarks on what is finitely subanalytic and what is not. Clearly, all bounded subanalytic sets (and hence their complements) are finitely subanalytic, and in fact, the system of finitely subanalytic sets is the Tarski system generated by addition, multiplication, and the bounded semianalytic sets. More precisely, the theory of the ordered field R with predicates for all bounded semianalytic sets is model complete, and the sets definable in this structure are exactly the finitely subanalytic sets. Every restriction of an analytic function ƒ: U -> R, U open in R w , to a compact subanalytic set X c U, is finitely subanalytic. (That is, the graph of ƒ \X is finitely subanalytic.) The arctangent on R is finitely subanalytic by its definition as the inverse of the tangent on ( -77-/2,7r/2), and on this interval the tangent is definable from sine and cosine.
POLYNOMIAL GROWTH. Given a finitely subanalytic function ƒ: (0, oo) -> R, there is d e N and a > 0 such that \f{t)\ < t d for t > a. To see this, use the transformation t = 1/x in the domain, and the same transformation or a translation in the codomain to obtain a function g: (0, e) -> R with subanalytic graph and g(x) -> 0 as x -> 0. By (1), the graph of g is even semianalytic at (0,0), hence there is a nonzero real power series F(X, Y) = Y*a mn X m Y n converging in a neighborhood of (0,0) such that F(x, g(x)) = 0 for all small positive JC. Assuming g is not identically zero near 0 we may divide F by a suitable power of X and obtain a new F that is not divisible by X. Hence, by Weierstrass preparation, we may even assume: Note. This proof shows also that for irrational r E R the function x r on (0, oo ) is not finitely subanalytic.
